PATCH IDEALS AND PETERSON VARIETIES 
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Abstract. Patch ideals encode neighbourhoods of a variety in GLn/B. For Peterson va- 
psj . rieties we determine generators for these ideals and show they are complete intersections, 

and thus Cohen-Macaulay and Gorenstein. Consequently, we 

• combinatorially describe the singular locus of the Peterson variety; 

• give an explicit equivariant -theory localization formula; and 

• extend some results of [B. Kostant '96] and of D. Peterson to intersections of Peterson 
^ ■ varieties with Schubert varieties. 

We conjecture that the tangent cones are Cohen-Macaulay, and that their /i-polynomials are 
■ nonnegative and upper-semicontinuous. 

Similarly, we use patch ideals to briefly analyze other examples of torus invariant sub- 
varieties of GLn/B, including Richardson varieties and Springer fibers. 
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1. Introduction 
1.1. Overview. The Peterson variety is defined as 

Pet„ = {F, e FIags(C") : iV ■ C 



(N 
> 

in 

lO 

f^s^ ■ where is a fixed but arbitrary regular nilpotent matrix (up to isomorphism, Pet„ is 

^ I independent of the choice of conjugate of N), and FIags(C") is the variety of complete 
flags of subspaces F, : (0) C Fi C F2 C • ■ ■ C C C''. 

Since its introduction by D. Peterson in the 1990's, in connection to quantum coho- 
mology of flag varieties, this space has attracted significant attention; see, for instance, 
irKos96 , Rie03 , Tym07^, HarTyml 1 J and the references therein. 

^ \ While Peterson varieties are known to be singular for n > 3 l|Kos96[ Theorem 6], prob- 

ed ■ lems about their local structure exist: 

Problem 1.1. Give an explicit combinatorial description of the singular locus. 

Problem 1.2. Determine properties (e.g., Cohen-Macaulay, Gorenstein, normal) that hold for all 
singular points. 

Problem 1.3. Give an explicit combinatorial rule for discrete local singularity measures (e.g., 
equivariant K-theory localizations, Hilbert-Samuel multiplicity). 

Such problems raise two meta-questions about varieties X defined inside GLn/B. 

First, what methods are available to study local features of a given X C GLn/ Bl This 
question arises since a number of significant varieties are defined to sit in the flag variety. 



Date: August 7, 2012. 

Key words and phrases. Patch ideal, Peterson variety. Springer fiber, Richardson variety. 



1 



Perhaps most prominent are the Schubert varieties. However, there are also the Richard- 
son varieties, torus orbit closures Tx, and the family of Hessenberg varieties (which in- 
clude the Springer and Peterson varieties), among others. One desires uniform and flexi- 
ble approaches for theoretical and computational analysis. 

Indeed, important and influential techniques have been developed that are used to 
study such X. For example. Standard Monomial Theory, a survey of which is found in 
|LakLitMag98], GKM-theory ||GorKotMac98l , Frobenius splitting, a recent book for which is 
|BriKum05|| , and use of the Peterson translate jCarKutOSj . These techniques are especially 
effective, but not necessarily definitive, for Schubert varieties. 

Therefore, we revisit this meta-question by examining the general use of a simple choice 
of local coordinates and equations encoded in what we call the patch ideal. We emphasize 
that in the literature, one finds many examples of similar ideas, used for instances of X 
(and usually X is a Schubert variety). We provide a brief review in Section 2, where we 
also offer a synthesis of a selection of these ideas. This facilitates our common discussion 
of Peterson varieties, specific earlier work on Schubert varieties |Woo Yon08 , WooYon09l 
ILiYonlOal ILiYonlObi , and some other X. In our main example of Peterson varieties, we 
show how to apply these ideas to provide some answers to the above problems. 

Second, what are some candidate properties for comparing different X C GLn/B? 
All of the aforementioned examples of X share the common feature of an action of a 
(sub)torus of the tnvertible diagonal matrices T c GLn- Deeper commonalities among 
some of them are known; a partial list of well-studied properties is given in Problem 11.21 
We conjecture that a number of interesting X (including Peterson and Schubert varieties) 
share common properties concerning their tangent cones. 

Turning to our main results, we give coordinates and equations that scheme-theoretically 
cut out a natural open neighbourhood (the patch) of any point of X = Pet„. We prove 
these equations define a radical ideal (the patch ideal). To do this, we show the ideal is a 
complete intersection and hence Cohen-Macaulay. Thus, the zero scheme is reduced if it 
is generically reduced. To prove the latter, we establish the existence of a smooth point. 

Consequently, Pet„ is a local complete intersection, and therefore Cohen-Macaulay and 
Gorenstein. J. Carrell informed us that at least some of these properties (see Corollary [LS]) 
were known to D. Peterson (unpublished); we also offer a generalization, see Theorem |7.6[ 
In addition, B. Kostant l|Kos96l Theorem 14] partially described the singular locus of Pet„. 
We give a combinatorial description of the singular locus. We also obtain an explicit 
equivariant iC-theory localization formula, by approaching the question in terms of com- 
binatorial commutative algebra. 



1.2. Peterson varieties and the main results. Identify Flags(C") = GLn/B, where we 
let B c GLn denote the subgroup of tnvertible upper triangular matrices. A coset gB 
corresponds to the flag F, where Fi is the subspace spanned by the vectors represented 
by the leftmost i columns of any coset representative of gB. 

Let w = wphe the maximal Coxeter length element for the parabolic (Young) subgroup 

(1.1) VTp = X X ■■■ X ii+i2 + --- + Zfc = n 

of the symmetric group Sn, in the latter's role as the Weyl group W of GLn. Let 

(1.2) Up = 5(1) © 5(2) © . ■ ■ © 5^ C U 
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be the (n — /c) -dimensional subgroup of unipotent upper triangular matrices U, consisting 
of block matrices where the block B^^^ is an ij x ij upper triangular unipotent matrix with 
equal entries on each superdiagonal (see Example 14. There is a decomposition 

(1.3) Pet„ = nj'^^,Pet„, 

Wp 

of Pet„ into affine cells indexed by the parabolic subgroups P contained in B, where 

(1.4) Jn,M = Up ■ wpB = C"-^ 
see Lemma |4]2tIV). 

Our first result describes the singular locus of Pet„. This answers Problem ll.il 
Theorem 1.4. The singular locus o/Pet„ is given by 

Sing(Pet„) = ]J^X,p,pet„, 

Wp 

where the union is over all wp satisfying any of the equivalent conditions (I)-(III) below: 
(I) WpB is singular in Pet„; 

(II) Wp is not one of the permutations (written in one-line notation): 

• nn — In — 2---321 (i.e., the maximal Coxeter length element wq G Sn); 

• 1 n n — 1 ■ ■ ■ 3 2; or 

• n — 1 n — 2 ■■■In. 

(Ill) Wp contains at least one of the patterns 123 or 2143. 

If it were true that every Up acts on Pet„, the condition (I) would be obvious (see 
Lemma 12.21^ 1)). However, this is not actually the case. Although (II)<(^(III) is easy, the 
pattern criterion (III) is reminiscent of the results about singularities of Schubert varieties; 
see UBilLakOOl Chapter 8] and the references therein. 

The one-dimensional torus S = {s{t) = diag(t,t^, . . . : t G C*} C T acts on Pet„ 
(see Lemma l4!2l fl)). Thus, there is an S-equivariant fC-theory class [Cpet„] ^ Ks{GLn/ B), 
where Opct„ is the (S-equivariant) structure sheaf of Pet„. It makes sense to localize this 
class at the S-fixed points wpB. This localization satisfies 

[0^,,:^U,BeKs{wpB) = 'L[x^^] 

where x : "S* — C* is the character s(t) ^ t of S. 

Theorem 1.5. The following localization formula holds: 

71-2 

[Ov.MwpB = n n (1 - X'^'-"""^'^) e Ks(wpB) = Z[x^\ 

j=l kytwp{i),l<i<j+l 

Theorem 11.51 addresses Problem 11.31 for only one of the available numerical local in- 
variants. For example, we do not know a formula for the Hilbert-Samuel multiplicities of 
Pet„. However, we will be able to at least compute some of them (using (P.V) of Section 2). 
This has been effective enough to support some new conjectures about Peterson varieties. 

We will deduce Theorems II .41 and 11.51 from our next result, providing local coordinates 
and equations for Pet„. Let Z^'^f ^ denote the generic matrix in wpU_ where t/_ is the 
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subgroup of unipotent matrices in the group of invertible lower triangular matrices B . 
This matrix has Zij placed in the usual matrix coordinate position and 

(1.5) z^p(j),j = 1 and Zij = if j > Wp^{i). 

Let z = {zab} be the collection of variables not specialized by (|1.5|) . Also, let Zj = 
[zij Z2j ■ ■ ■ Znjf denote the column of Z^''"p\ See Example 1 1 . 71 below. 

Fix to be the standard regular nilpotent n x n matrix consisting of I's on the main 
superdiagonal and O's elsewhere. Consider the following system of linear equations in 
the unknowns {ttj/}: 



(1.6) 



■ Zj = Oj^iZi + a,-,2^2 + 1- (^jj+iZj+i, 



for I < j < n — 2. 



For each j, label the equation in the fc-th row of (|1.6|) by 

where I < j < n — 2 and 1 < k < n. We use the convention Zn+ij = 0. 

Solving for the unknowns aj^i, aj^2, • • • , £ C[z], in that order, it is straightforward 

to check that the subsystem of (|1.6|) , consisting of equations fk,j where k = wp{i) and 
1 < ^ < j + 1/ has a unique solution, recursively expressed as: 



(1.8) 



'i-i 
.t=i 



Consider the ("^ ^) equations fkj where k ^ wp{i) for 1 < ^ < j + 1. Let 

gk,j = Oij,iZk^i + • ■ ■ + aj^jj^iZk jj^i — Zk^ij G C[z] 

be the polynomial obtained from f^j after substituting for with the unique solution 
given by (|1.8|) . Define the ideal 

(1.9) /^p,Pet„ = {9k,j ■■ k ^ wpii), 1 < £ < J + 1) C C[z] 

and set K,p,peu = Spec (C[z]/J^p,Pet,J. 

The following result, in the terminology of Section 2, shows that Iwp,Pet„ is a patch ideal: 

Theorem 1.6. l^«,p,pet„ reduced and it is isomorphic to the affine open neighbourhood Af^p, Pet„ = 
wpB_B/B n Petn of wpB e Pet„. 



Example 1.7. Consider the point wpB E Fet^ where 
/O 1 o\ 
Wp = Q ^ and hence Z^^^^ 
^0 1 Oy 

Here (an, 012) = (^31,! - 2:31^11) and (^21, 022, a23) 
Now, (731, (741 and (732 generate the ideal, i.e.. 



All 1 0\ 
10 

^31 ^32 ^33 1 
^2:41 ^42 1 Oj 

[Z32, ~Z32Zn, —Z4^iZ32 + Zi2Z32Zll))- 



Iwp, Pet4 — (2:41 — ^32 



-31 + 2;3l2;322;il, Z41ZS1 + ^42 — Z42Z31ZU, 

Zi2 — Z31Z32 + 2:32 2^11 + Z41Z32Z33 — ^42 ^32 ^33^11 )• 



□ 



The following provides a partial answer to Problem II. 2t 
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Corollary 1.8. Pet„ is a local complete intersection (and hence is Cohen-Macaulay and Goren- 
stein). It is normal if and only ifn < 3. 

Proof. The neighbourhoods Mwp, Pet„ cover Pet„ (see (P.I) in Section 2). Since dimPetn = 
n — 1, Theorem 11.61 asserts there is an open neighbourhood of any gB E Pet„ isomorphic 

to an affine variety of codimension ("2^) in C^^). This codimension equals the number 
of generators of /^p,Pct„- Hence /^p,Pct„ is a complete intersection, proving the first state- 
ment. Since every point is locally Cohen-Macaulay and Gorenstetn, the same is true of 
Pet„; see, e.g., llEis95l Prop 18.13] and llEis95l Cor 21.19]. 

The normality statement was proved in ||Kos96i Theorem 14]. Now, Pet 2 = is 
smooth, whereas one can directly check that Pets is normal at its unique singular point 
{id)B. We recover Kostant's theorem since Theorem II .41 asserts the singular locus is codi- 
mension one when n> A: for wp = kk — Ik — 2 ■ ■ ■ 1 nn — 1 ■ ■ ■ k + 1 and k > 2, all 
points in J'wp,Petn = C"~^ are singular. □ 

1.3. Organization. In Section 2, we provide background about patch ideals that we will 
need. In Section 3, we make additional comparisons of our work on Peterson varieties 
with the literature. In Section 4, we prove Theorem II. 6[ after recalling necessary facts 
about Peterson varieties. In Section 5, we prove Theorem 11.41 In Section 6, we prove 
Theorem 11.51 and discuss conjectures about the tangent cone. In Section 7, we examine 
some other X C GLn/B. We hint that Conjecture 16.71 from Section 6 may be more broad. 
We will also state and prove Theorem 17.61 that generalizes Theorem 11.61 and Corollary 11.81 
to Peterson-Schubert varieties. 

2. Background, analysis using patch ideals (P.I)-(P.V) 

We present five rudimentary themes we use to study X C GLn/B. These apply stan- 
dard facts about the flag variety [BilLakOO', BriOS], equivariant theory ||ChrGin97| , and 
combinatorial commutative algebra liEis95t ,MilStu04J , summarized for our setting. 

(P.I) A choice of open neighbourhood of X: Recall the two Bruhat decompositions 

(2.1) GLn/B = Y[ BwB/B= ]J B_wB/B. 

The opposite big cell B^B / B provides an affine open neighbourhood of {id)B in GLn/ B. 
Therefore 

Mg^x = gB^B/B n X 

provides an affine open neighbourhood of gB in X. This may be called an X patch (we 
thank A. Knutson for the terminology). 

We desire explicit coordinates and equations for Mg^x- By the first Bruhat decompo- 
sition (|2.1|) , gB = {hw)B for some b E U and w E Sn- In fact, we may further assume 
w^^bw E f/_ l|Hum64l Theorem 28.4]. So we may assume g = bw for such b in what 
follows. Now, consider the projection map 

TT : GLn GLn/B. 

Let U- be the subgroup of unipotent lower triangular matrices. Since tt is a trivial fibration 
over B-B/B with fiber B, it admits a local section 

a : B_B/B GLn 
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such that a{B^B/B) = f/_ c GLn HBriOSi Section 1.2]. Similarly, vr admits a local section 



ag := gag ^ : gB_B/B GLn, 

which provides a scheme-theoretic isomorphism ag{gB^B / B) = gU- C GLn, and hence 
each section ag identifies explicit coordinates for the patch Mg^cLn/B = gB^B/B. Restrict- 
ing TT and ag to X one obtains: 

(2.2) ATg^x = gB^B/B nX^ ag{gB_B/B n X) ^ 7r-\X) n ag{gB_B/B), 

scheme-theoretically (the final intersection being transverse). 

A generic matrix Z^"^^ in wU- has I's in row w{j) and column j, and in each row O's to 
the right of the 1. Let us index the unspecialized entry of Z^^^ in row i and column j by 
Zij. Hence a generic matrix Z^''^^ in bwU^ is bZ^^\ i.e., a matrix with affine linear forms in 
the indeterminates z = {%}. This explicates the fact bwU_ = wU_. We thus identify 

(2.3) C[bwU-] ^ C[z] 

In view of the identifications (|2.2[) and (|2.3|) , we may interpret J^g,x as subscheme of 

ag{gB_B/B) ^ bwU^ = wU^ = €(2). 

It follows that N'bw,x = ■^fw,x- Moreover, since the patches {wB^B/B : w E Sn} cover 
GLn/B, {Afw,x '■ wB e X} covers X C GLn/B. Thus, it is mostly superfluous to define 
J^g,x for g w. However, to conduct some local analysis near gB, we set up coordi- 
nates/equations where the origin corresponds to gB = {bw)B: 

Definition 2.1. The patch ideal is J^ x = IiK,x) ^ C[z]. 

Specifically for Iu,,x, the action of T C GLn on wB^B/B induces an action on wU-, 
namely scale each row of a matrix independently, and then rescale each column so that 
the entry in row w{j) and column j remains a 1. This induces a grading onC[wU-] = C[z], 
which in our coordinates assigns 

(2.4) deg{zij) = ti - t^^jy 

If 5 C T is an algebraic subtorus that acts on X, the grading on x coming from 5 is a 
coarsening of (|2.4|) . 

(P.II) Using generators for the patch ideal: We will assume X is reduced. If X is described 
as a collection of flags, it is "typically easy" (this is made precise in our examples) to 
find equations that define an ideal that set- theoretically cuts out Mg^x- One does this 
by determining the equations defining ii^^{X) C GLn and demanding that the matrix 
entries (thought of as coordinates in C[z]) of Z*^^"") = foZ^"') G GLn from (P.I) satisfy these 
equations. It remains to show these equations generate a radical ideal. Two typical ways 
to guarantee this, and that we refer to, are: 

(i) : If the generators define a complete intersection, the associated scheme is Cohen- 
Macaulay. Thus if the scheme is generically reduced, it is reduced (see l|Eis95i Exer- 
cise 18.9]). Generic reducedness is guaranteed if X is irreducible and has a smooth point. 

(ii) : If the generators form a Grobner basis with squarefree lead terms, the initial ideal 
is radical, and so must have been the original ideal (see l,Eis95> Section 15.8]). 

In our computational analysis from Sections 6 and 7 we use facts about free resolutions 
to verify properties of X; see e.g., ||BruHer93l |Eis95| . A point gB is Cohen-Macaulay 
if the minimal free resolution of the local ring (C[z]//(, x)(2 ) is short, i.e., it has length 
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equal to the codimension of Mg^x inside A^^). It is also Gorenstein if the resolution is 
also symmetric, i.e., the betti numbers are symmetric, see e.g., l|Eis95i Chapter 21] and 
specifically Corollary 21.16 contained therein. In addition, if C T acts on X we can 
speak of the ^-graded finite free resolution: 

(2.5) ^ ^ > Fi -> Fo ^ C[z]//^,x ^ 0, 

If this resolution is short (respectively, also symmetric) then N'w,x is Cohen-Macaulay 
(respectively Gorenstein). 

(P.III) A decomposition of X: From (|2.1|) one inherits a decomposition 

X = jjjn^ x where J^^x = {BwB/B) n X. 

w 

Recall that a function / : X — i- M is upper-semicontinuous on X if for any c G M, the set 

G X|/(p) > c} is closed. In good cases, one can compare points of Jw,x- 

Lemma 2.2. Suppose L is a linear algebraic group that acts on X. 

(I) If L acts transitively on Jw,xr there is a local isomorphism between any two points in 

(II) IfwB G L ■ gBfor all gB G Jw,x^nd f : X — )► Wis L-invariant and upper-semicontinuous 
on X, then this function is maximized on Jw,x i^t wB. 

Proof. For (I), the elements of L provide the isomorphisms. The claim (II) follows from 
the assumption of L-invariance and the definition of upper-semicontinuity. □ 

In general, the J'w,x need not be smooth (see, e.g., the case of Richardson varieties in 
Section 7.2). The reader may wish to compare [Bia73J . 

(RIV) Localization of the equivariant K-class of X: Let S be an r-dimensional (sub)torus of 
T acting on GLn/B. For any such (sub)torus we have the standard identification A = 
Hom(5', C*) = Z^. Let xi = e'^S X2 = e'^^, . . . , Xr = e^"^ be the characters of S corresponding 
to a choice of basis Ai, . . . , of Z*". 

Consider M = C[z]//^,x as a 0{wB^B/B) = C[z]-module. When g = w, we may 
suppose that (|2.5|) is a finitely ^-graded resolution, where each free module is of the form 

F, ^ C[z]{-ba) (B ■ ■ ■ (B C[z]{-bir). 
Then one can match our choice of characters and the grading so that 

N 

is the A'-polynomial of M. This polynomial always exists, and is independent of the 
choice of free resolution |MilStu04l Theorem 8.34]. 

Let Ks{GLn/ B) be the free abelian group generated by isomorphism classes of S- 
equivariant vector bundles on GLn/B. (The smoothness of GLn/B implies that there 
is a Rep (5) -module isomorphism that identifies Lis{GLn/ B) with the Grothendieck {K- 
homology) group (GLn/B) of S-equivariant coherent sheaves on GLn/B.) 
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Suppose wB e {GLn/By n X. Then Ks{wB) is identified with representation ring of 
S, i.e., the group algebra 

r 

Rep(5') = Z[A] = 0Z-x.. 

i=l 

Ks{GLn/B) has the structure of a Rep (5*) -module. The map p : {wB} ^ GLn/B gives 
rise by pullback to the restriction map p* : Ks{GLn/ B) — )■ Rep(5'). 

If X C GLn/B is an S-stable subscheme, let [Ox] denote the class of its (S'-equivariant) 
structure sheaf. If wB G X, we use common convention by writing the localization class 

[Ox]U = P*{[Ox]) e Rep{S) ^ KsiwB). 

Then 

(2.6) [Ox]UB = HMy, 

see IIMilStu04l Proposition 8.23]. 

In situations such as (RII)(i) and (ii), one can compute A;(M) without explicitly knowing 
the resolution. 

Since (|2.1|) is an ^-invariant CW-decomposition of GLn/B, it follows that GLn/B is 
an equivariantly formal variety; see IIGorKotMac98 1 Theorem 14.1]. This implies that to 
determine the class of an ^-invariant X C GLn/B in Ks{GLn/B) it suffices to determine 
its localization at each wB G X fi (GLn/B)'^. See ||KnuRos99l and references therein. 



(RV) The (projectivized) tangent cone: Let {Op^x, ttXp) denote the local ring of p G X. Then 

is the associated graded ring. The projectivized tangent cone is Proj(gr^^Cpx)- The 
Hilbert-Samuel multiplicity of p G X is defined to be multp(X) = deg(Proj(gr^^Cp x))- 
This gives useful data about the singular structure of p. However, more refined data is 
available from the /i-polynomial hp^x{f])' which is the numerator of the Hilbert series: 



Hilb(gr„ Op,x,r/) 



(1 _ ^)dim(X) • 



One can compute these invariants of X for p = gB from the generators for Ig^x- Homog- 
enize the generators {g^} by t. Now pick any term order -< that favors terms with largest 
degrees of t first. Compute a Grobner basis with respect to -< and set t = 1 in each gen- 
erator. The lowest degree forms of the resulting polynomials define the ideal I'g x C C[z], 
where I'g x (scheme-theoretically) cuts out Spec(gr,„^(9p^x)- See |Eis95i Proposition 15.28]. 

Thus, hgB^xiv) is the numerator of the Hilbert series of C[z]//^ (when expressed with 
denominator (1 — 7^)'^'™(^)). It is also true that the Hilbert-Samuel multiplicity is given by 
hgB,x{^)f see, e.g., UKreRobOSi Theorem 5.4.15]. Since I'^x has the standard grading, one 
can check if it is Cohen-Macaulay or Gorenstein by computing a minimal free resolution 
for C[z]//^^ and checking if it is short (respectively, also symmetric); cf. (RII). 

Example 2.3. Let X = Petn. The ideal /w,p,pct„ in Theorem 11.61 is the patch ideal from 
(P.I). The "typically easy" determination of the equations defining Iwp,vct,^ up to radical 
(RII) is the content of the computations (|1.6|) , (|1.7|) and (|1.8)) that pull back the definition 
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of the Peterson variety along vr : GLn — t- GLnj B. We will use (P.II)(i) to prove they 
actually define /«,p,pct„ as a radical ideal, and hence Y^p^vct^ — -^wp, Petn (as schemes). The 
decomposition (|1.3|) agrees with (P.III); it just happens here that J7u,,pet„ is a group orbit. 

If gB G Pet„ is any point then by (|1.3|) and (|1.4|), we may suppose gB G J«,p,pct„ where 
g = bwp for b G Up. Re-centering so the origin is at gB corresponds to the coordinate 
change Zij H- Zij + Y.i<k Kk ■ Zkj, where b = (%) e Up. Therefore, we may take /g,Pet„ ^ 
C[z] to be generated by {gkj} (after this affine linear substitution into each g^j). Thus, 
Theorem II .61 trivially extends to /c,,pct„- 

Theorem II. 51 is proved via (PIV). We develop Conjecture 16. 71 using (PV). □ 

Example 2.4. The use of patches to study Schubert varieties of GLn/B appears through- 
out the literature, see, e.g., || KazLus79l IKnuOSH and the references therein. It being so 
ubiquitous an idea, we do not know a primary source. However, even for Schubert vari- 
eties, explicit study of the patch ideal seems relatively recent; it appears at least implicitly 



in ||Ful91ll with more work in MKnuMilOSi . 



Closely related is the use of the Kazhdan-Lusztig ideal, which is mostly the same as the 
patch ideal (P.I); thus the themes of Section 2 apply. An explicit Grobner basis was given 
in IIWooYon09ll (after the Grobner degeneration of IIKnuOSII , see also IIKnuOgiH : cf. (PII)(ii). 
The decomposition of (PHI) is the Bruhat decomposition. Combinatorial formulas for 
their localizations (i.e., specializations of Grothendieck polynomials) are geometrically ex- 
plained via the point of view (PIV). Combinatorial analysis of the projectivized tangent 
cone in IILiYonlOal iLiYonlObI illustrates (PV). Also, see Section 7.2. □ 

Remark 2.5. Suppose F C is any projective variety, then let p : GLn/B — > P" be the 
map that projects to the first linear subspace of a flag. This is a smooth morphism, and 
in fact a locally trivial fibration. Thus, local features of Y can, in principle, be studied by 
considering X = p-^(Y) C GL JB. □ 

Remark 2.6. If X C G/P, then take X D gB^P/P to be an X patch. See work of A. Fink- 



D. Speyer [FinSpelO| where the equivariant ^-localizations of Tx in the Grassmannian 



are connected to matroid invariants. 



Separately, see thesis work of M. Snider HSnilll where the patch ideal of the positroid 



variety in the Grassmannian is computed and the scheme is related to certain Kazhdan- 
Lustzig varieties (essentially also patch ideals) of the affine Grassmannian. See earlier, 
related work of A. Rnutson-T. Lam-D. Speyer | KnuLamSpelO| . 



At least for the classical groups G, it is not difficult to extend the constructions (PI)- 
(PV) to attempt to understand X C G/B. Briefly, one imposes additional quadric equa- 
tions that account for the relevant bilinear form. □ 



3. Further comparisons with earlier work on Peterson varieties 

D. Peterson introduced and studied the strata y^^p = Pet„ fi B_wpcB / B, where P'^ is 
the parabolic subgroup for the nodes of the Dynkin diagram complementary to those 
defining P. (One has Pet„ = Up3^«;p.) Although these strata are reducible (for examples 
of this in the Grassmannian case, see IRieOll ), he announced that they are in fact reduced. 
He furthermore gave a remarkable connection between y^p and quantum cohomology of 
the partial flag varieties GLn/ P. That is, 

(3.1) C[y^p]^QH\GLn/P); 
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see l|Pet97ll . B. Kostant l|Kos96i had proved the case y^g of this isomorphism. 

J. Tymoczko |Tym07| gave a paving by affine spaces for regular nilpotent Hessenberg 
varieties. The cells in the case of Pet„ are J'wp,Pct„ = Pet^ n BwpB/B; see (|1.4[) and 
Lemma QlV). 

In general J^wp, Petn> ywp> and J'wp,Pet,^ differ. In particular, the latter two do not give 
affine neighbourhoods of the T-fixed points of Pet„. However, A/id,Pet„ = ywp- 

K. Rietsch ||Rie03l proved Peterson's theorem (|3.1|) in type A, using results of S. Fomin- 
S. Gelfand-A. Postnikov ||FomGelPos97|| and I. Ciocan-Fontanine IICio99| . With a variation 
on the coordinates and equations we use for A/'g,pet„ one can study 3^^^ for the classical 
groups G, in connection to QH*{G/P). Here is a small sample: 

Example 3.1. When n = 3, the quantum cohomology ring is 

C[xi,X2,X3,gi,g2] 



QH\GL,IB) 



(3) ^(3)^^(3) 



) 



where i?f^ = xi+xa+xs, £'2'^'' = xiX2+xix^+X2X'i+qi+q2SirydEf = xiX2X3+xiq2+X3qi are 
the quantum elementary symmetric polynomials. This presentation is an instance of a result 
of A. Givental-B. Kim and of I. Ciocan-Fontanine; see, e.g., [FomGelPos97l Equation (1.2)] 
and the associated references. Setting 2:3 = — (xi+xa), and q2 = —{qi + X1X2 + a^a^^a + 2:1X3), 
we eliminate two variables to obtain 



.(3) 



(3) 



QH\GL^/B) 



C[a;i,a;2,gi] 



{x\ - 2xiqi - X2qi) ' 

Consider the surjection ^ : C[Z^''^^ = C[z2i, ^31, ^32] ^ QH''{GL^/B) defined by 

Z2l^ -{Xi+ X2), Z2i^XiX2 + qi, z^2^-xi. 

Observe 

x\ - 2xiqi - X2qi = (-Xi - X2){xiX2 + qi) + [{xiX2 + gi) - {-Xi - X2f']{-Xi] 

= ^21^31 + (^31 ^ ^2l)^32- 



By Theorem II. 6[ the latter polynomial cuts out yi23,Pct3 — M 



123,Pct3 



y. 



wp- 



follows that ^ induces C[:y^^] ^ QH*{GL3/B). This agrees with (HD; cf. IIRieOSII . 



It therefore 

□ 



4. Proof OF Theorem [TT6] 

4.1. Preliminaries. Let U' C Uhe the group Up where Wp = S'„; see (|1.2|) . 
Example 4.1. In GLq, U' and U p for Wp = 5*3 x 5*3, respectively are: 







/I 


gi 


g2 


g3 


g4 


g5\ 


> 






/I 


gi 


g2 










> 









1 


gi 


g2 


g3 


g4 











1 


gi 













u'= < 












1 



gi 
1 


g2 
gi 


gs 
g2 




> Up= < 












1 




1 




ri 




r2 




















1 


gi 




















1 


r\ 








\o 














1/ 


> 






\o 














l) 


> 



where g,, G C for all i. 



□ 
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Recall the one-dimensional torus 



S = { s{t) 



ft 



\ 



t G C* > C T. 



We will need the following (known) facts. 



Lemma 4.2. (I) S acts on Pet„ C GLn/ B by left multiplication. 
(II) Similarly U' acts on Pet„, and Pet„ = U' ■ wqB. 

(III) Pet„ is irreducible. 

(IV) The two definitions of J^p^pctn ('^f- Section 1.2 and (P.I)) agree: 

Jwp,Pet^ = Up ■ wpB = Pet„ n {BwpB/B). 
(V) IfgB G Jwp,Pcu^ then limt^^ s{t) ■ gB = wpB. 

(VI) wB G Pet„ if and only if w = wp, where wp is the maximal Coxeter length element of 
Wp = Si^ X X ■ ■ ■ X Sif^. Explicitly, 



Wp = ii Zi — 1 ■ ■ ■ 3 2 1 2i + 22 ^1 + ^2 — 1 ■ ■ ■ ^1 + 1 



n n — 1 



hife-i + 1. 



Example 4.3. Let n = 8 and Wp = S3 x S2 x S3. Then the permutation matrix for wp and 
the generic matrix Z^^^^ mwpU- are given by 

/O 1 0\ 

1 

1 
1 
1 
1 
1 

VO 1 0/ 



Wp 



and Z^"'^) 



/Zll 


Z12 


1 
















Z21 


1 




















1 























2^41 


^42 


Za3> 


^44 


1 











2^51 


Z52 


^53 


1 














2^61 


Zq2 


^63 


2^64 


2^65 


2^66 


2^67 


1 




Z-J2 


^73 




^75 




1 





\zsi 


Z%2 


^83 


2^84 


2^85 


1 





0/ 



□ 



Proof of Lemma \4.2\ For (I), the claim follows from the definition of Pet„ since ^Ns{t) = 

tN for s{t) G S. Similarly, the first sentence of (II) holds since U' centralizes A^. 

(Ill) was shown in MKos96l Theorem 6]. One knows dimPet„ = n — 1. Clearly, dim(f/' ■ 
wqB) = n — 1, so the (irreducible) closure of this group orbit is all of Pet„; this is (II). 

For (IV), flags in BwpB may be identified with the block matrices K = K^^'^ © fC^^^ © 
■ ■ ■ © K^^'^ G GLn where K^'-'^ is the matrix with I's on the antidiagonal, O's below, and 
free entries above. The condition that the given flag is in Pet„ implies that there are equal 
entries on each super-antidiagonal of each K^*^ The set of all such K is equal to UpWpB. 

(V) holds by the second equality of (IV) and the fact that the claim is true of any point 
of BwpB/B, by elementary considerations. 

Lastly for (VI), by definition, F,=wBe Pet„ if and only if N-Fi C Fi+i f or 1 < i < n-2. 
The latter happens if and only if ■ e^^i) = ew{i)-i € -Fi+i whenever w{i) ^ 1 (when 
w{i) = 1, Ncyji^i) = G Fj+i is automatic). Here Cj is the j-th standard basis vector. That 
w = Wp for some P then follows from this, by inducting on the position of the "1" in the 
permutation matrix of w, from left to right. □ 
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4.2. Proof of Theorem |1.6t We refer the reader to the discussion of (P.I), (PH) and Exam- 
ple in Section 2: Let gB G ACp,Pet„. Since ACp,Pct„ = 7r-i(Pet„) n a^^iwpB^B / B) = 
7r~^(Pet„) n wpU- we may assume g is the unique element of wpU- sent to gB under 
TT : GLn — GLn/B. Since gB G Pet„, it must therefore be true that the j-th column of g is 
contained in the span of the first j + 1 columns. Therefore, by construction, the entries of g 

(considered as coordinates in must satisfy the defining equations of /«,p,pct„- Hence 
Ywp,Pet„ ^ ACp,Pct„- The other containment is the same argument run in reverse. Thus 

^«;p,Pet„ = -^wp, Pctn (set-theoretically), where the latter is viewed as a sub variety of €(2). 

The dimension of Pet„ is n — 1; the same is true of Pet„ Hwp- B^B / B. Thus the codi- 

mension of ACp,pct„ and Yu,p,-pct„ in ^(2) (as identified with a^piivp ■ B^B/B)) is ("2^)- 
This is the number of generators of /«,p,pct„- Hence ^u^p, pet„ is a complete intersection (and 
Cohen-Macaulay) [Eis95, Prop 18.13]. 

We now show that F^p,pot„ is reduced; cf. (PII). Since Pet„ is irreducible, ACp^Pet^ = 
^tup.Petn (set-theoretic equality) is irreducible. Thus, by (P.II)(i), it suffices to exhibit a 
smooth point, which we do with the Jacobian criterion. To achieve this, we will use the 
following fact, which is immediate by an induction using (|1.8|) : 

Lemma 4.4. Fix I < s < n — 2 and let I < q < s + l. Then a^.g is a -polynomial in {zt^r : r < s}. 

Consider the summand aj^j^iZk^j+i of the generator gkj of /«;p,pot„; this is the unique 
summand in g^^j involving Zkj+i by Lemma 14.41 The assumption that gk^j is a generator 
implies Zk^j+i is unspecialized. Lemma l44l additionally implies that Zkj+i does not appear 
in ajj+i. Thus, 

d9k,j _ <9(aj,i+i^fc,i+i) _ , ^ 

Similarly, the variable Zkj+i does not appear in any gk'j for k' ^ k, or gk'j' for j' < j. 
Claim 4.5. There exists a point 

(4.1) p G y^,p,pet„ such that ajj+i{p) ^ Ofor all 1 < j < n — 2. 



Proof. Consider Hj = {F, G GLn/B : N ■ Fi C F^+i if z ^ j and N ■ Fj C Fj}. In fact 
Hj is a regular nilpotent Hessenberg variety, see Section 7.1. It follows from a dimension 
formula of E. Sommers-J. Tymoczko |SomTym 06, Theorem 10.2], which is explicitly stated 
in ||Tym06l Section 9.1], that dim Hj = n — 2. Notice that Mwp,Hj = Z{ajj+i) fi yu)p,pet„ (set- 
theoretically). 

Suppose r(z) = Y[i<j<n~2'^j,j+^i'^) vanishes identically on Y^p^Pd^. Then this means 
(set- theoretically) that yu,p,Pet„ C [j^Zf Mwp,Hj- Hence F^p^Pet^ is at most n—2 dimensional, 
a contradiction. Thus, one can choose a point p G Y^^p ^Pet„ not on the hypersurface defined 
by r(z). This point satisfies (|4.1[) . □ 



Next, arrange the rows of the Jacobian 



9g. 



dZab 



associated to generators gkj by (say) fa- 



voring smaller j first and breaking ties by favoring smaller k. This manifests (via echelon 
form) that the Jacobian, evaluated at p, has full rank (having established ("2 ^) linearly 
independent columns) and thus p is a smooth point of F^p,pet„- □ 
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5. Proof of Theorem 1L4J 



The proof is in two parts. First, we need that any gB = bwpB G J'wp,Pct„ is singular 
when is not on the asserted "smooth list" from (II). Next, we prove that for the three 
on that list, the points wpB are smooth. Since the point wpB is the most singular in 
^top,Pct„ (by Lemma 12.21 11) and Lemma l4.2l fV)), all points in that cell are smooth. This 
establishes the condition (I) and the equivalence of (I) with (II). 

For the first part, recall that iiv E Sn and w E Sn for n < N then w contains the pattern 
V if there exists a choice of embedding indices 1 < 01 < 02 < . . . < 0n < such that 

w{(j)i), w{(f)2), . . . , w{(f)n) are in the same relative order as f (1), . . . , v{n). 

It is straightforward to verify the equivalence (II)<(=^(III) from this definition. We say 
that w avoids v if no such indices exist. 

The following two lemmas are clear from the Lemma l4!2l f VI) : 

Lemma 5.1. Suppose wpB G Pet„. If wp contains the pattern 123 then one can choose the 
embedding indices 0i < 02 < 03 so that wp(0i) = 1 and 02 = 0i + 1. 

Lemma 5.2. Suppose that wpB G Pet„ and avoids 123. Ifwp contains the pattern 2143 then one 
can choose the embedding indices 0i < 02 < 03 < 04 to satisfy 03 = 02 + 1. 

Recall the notation and definitions preceding the definition of /,«p,pet„ in Section 1. Al- 
though we need to prove that all points bwpB are singular, strictly speaking we only show 
WpB is singular, for simplicity of notation. However, in view of the discussion in Exam- 
ple 12.31 the general case is a trivial extension. Specifically, Lemma 15.31 the three claims 
that follow it, and their proofs, are the exactly same in the general case, where we have 
made the substitution Zij zij + J2i<k hkZkj from Example 12.31 Thus, we leave the details 
to the interested reader. 

Lemma 5.3. Suppose satisfies wp{(f)) = 1. Then none of the a^^ki^^for 1 < < + 1 contains 
a nonzero constant term. 

Proof. Since wp^cp) = 1, N ■ Z^j, is a column vector that only involves zeros and the unspe- 
cialized variables zt^^. Hence i satisfies the stated conclusion. The claim follows for all 
the a^^k by (|1.8)) and induction on k. □ 

Suppose Wp contains 123. Let 0i < 02 < 03 be the embedding indices from Lemma |5J| 

1 = Wp(0l) < Wp(02) < U'p(03) with 02 = 01 + 1. 

Claim 5.4. 5(„ is one of the defining generators o//^p_Pet„. 

Proof. From the definitions the assertion is clearly true provided 
(5.1) n ^ wp{£) for 1 < £ < 01 + 1 = 02. 

Suppose (|5.1|) does not hold. Since wp{(j)i) = 1, this bad i is not equal to 0i. Also, i ^ 
01 + 1(= 02) since this violates the assumptions about 0i, 02, 03. Hence 1 < ^ < 0i. This 
combined with wp(0i) = 1 and the form of wp given by Lemma l4!2l VI) implies wp = wq. 
However, wq does not contain 123, a contradiction. Thus the claim holds. □ 

Since by Lemma |53] we know a,^^ ^(z) has no nonzero constant terms and since 

5'n,(/>i(z) = Q;<^j_i(z)2;„^i + ■ ■ ■ + Q;0-^^0-^_i_i(z)2„^<^j_i_i 
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the minimal degree of any term of gn^^^{7.) is two. Thus the row of the Jacobian ^^glf^^^ 

(evaluated at the origin) associated to (^^^^^ (z) consists only of zeros. As the number of 
rows in Jacobian equals the codim F^„p,Pet„/ the rank at that point is strictly smaller than 

the codimension of Yi^^^Pet^ = Afwp, Pet^ in C^^) . Hence by the Jacobian criterion, the origin 
is not a smooth point. As the origin corresponds to wpB in our coordinates, wpB is 
singular in Pet„. 

Now suppose wp contains 2143. In view of our analysis above, we may assume wp 
avoids 123. Let 0i < 02 < 03 < 04 be the embedding indices from Lemma \52\ Since wp 
avoids 123, its form, as stated in Lemma |42t VI) satisfies k < 2. The containment of 2143 
means k = 2 and ii, 12 > 2. Hence we can actually assume wp(0i) = 2 and wp(02) = 1- 

Using these assumptions, and an argument such as for (|5.4[) it is straightforward that 
Claim 5.5. 5(„_^^(z) and gn-i^^^iz) are defining generators o/J^p,Pet„- 

Claim 5.6. The Jacobian ^^q^^^^ , when evaluated at the origin 0, has the property that the row 
corresponding to gn,^j^{z) is a scalar multiple of the row corresponding to gn^i^^^{z). 

Proof. Observe that a^^^^^^i{z){= a^^^^.^{z)) contains the constant term 1 (coming from the 
1 at the top of NZ^J. In addition, all entries in NZ^^, other than the top one, do not 
contain a constant term. By induction on /c > 1, «<^^^fc(z) does not contain a constant term 
for 1 < k < (pi. Thus gn,(j,^ (z) contains one linear term (and terms of higher degree), which 
is 2;„ 02 (from the lefthand side of (|1.7|) ). 



Since wp(02) = 1, Lemma |53] states that all of the a^^^^i'^) do not have constant terms. 
Hence gn-i,(j,2iz) contains a single linear term (and terms of higher degree), i.e., the 2;„ 
term coming from the right hand side of (|1.7[) . Thus, in the column of the Jacobian (eval- 
uated at the origin) associated to Zn,<p2 ^ rows gn,^-^{z) and gn-i^^p.^i'^) the entry is ±1 and 
^1 respectively. In other columns, the entries in those two rows are zero. □ 

We have thus completed the argument for the first part of the proof. 

We now turn to the second half of the proof, i.e., checking smoothness at the three 
points indicated by the list in (II). As mentioned at the beginning of this section, smooth- 
ness at these points implies smoothness at all other points of their respective strata. 

Case Wp = wq: If wqB is singular, then so is every point of U'wqB by Lemma |42t II) and 
Lemma |2.2r i) combined. However, as Pet„ is the closure of this orbit, that would imply 
every point of Pet„ is singular, which is impossible. 

Case Wp = n — 1 n — 2 ■■■ 2 1 n: Fix a total order < on the generators {gk,j} by 

(5.2) ik\j') < ik,j) if j' < J and ik',j) < {k,j) if A;' < k. 

For this wp, 

(5.3) = 1 ~ I X] ^^'^ 

for all 1 < j <n — 2) cf. (|1.8|) . Hence, the term ^fcj+i appears as a linear term in g^^ j. It does 
not appear in any gy^^i where {k',j') < {k,j): if j' < j then this variable appears nowhere 
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in (|1.6|) : if j = j' and k' ^ k no aj^i involves this variable, nor does NZj, so neither can 
gk',j. Therefore, 



(5.4) 



dgk, 



k,j+i 



1 and 



dg. 



k',j' 



dz 



for {k\j')<{k,j] 



We thus conclude the rows of the Jacobian (evaluated at the origin) are linearly indepen- 
dent. Hence the point wpB is smooth. 

Case wp = 1, n, n — 1, . . . , 2; Isolating the case j = 1 first. Lemma l53l implies that ai^i and 
ai^2 do not contain any constant terms. Thus, the only linear term in each gk,i is the 2^+1,1 
that comes from NZi in (|1.6|| . Therefore, 



(5.5) 



dg. 



kA 



fc+1,1 



1 and 



dg. 



k'l 



dz, 



z=0 



A:+l,l 



for k' ^ k. 



z=0 



For 2 < J < n — 2, (|5.3|) holds. This means each g^ j with 2 < j < n — 2 contains -z^j+i 
as a linear term. As with the case wp = n — \ n — 2 ■■• 21 n, -z^j+i does not appear in 
any gk'j'{z) where {k',j') < {k,j) in the order (|5.2|) . Combining this with (|5.5|) we see (|5.4|) 
holds for 1 < j < n — 2. Again, the columns of the Jacobian (evaluated at the origin) are 
linearly independent, and thus wpB is smooth. □ 

6. i^'-POLYNOMIALS, EQUIVARIANT LOCALIZATION AND /^-POLYNOMIALS 



6.1. Proof of Theorem |1.5i We will in fact prove: 
(6.1) 



n-2 



[o-_ 



.Pet 



nix) 



n n (1 - X'^'-"""^'^) e KsiwpB) = Z[x 

j = l ij^Wp{i),l<i<j + l 



ill 



where kwp,pet„{x) is the i^-polynomial of C[z]//u,^^Pet„ with respect the Z-graded coarsen- 
ing of (|2.4|), associated to S* C T. This coarsening assigns to the variable % the degree 

(6.2) deg{zij) = i-wp{j). 

The first equality of (|6.1|) holds by the discussion of (P.IV) that concludes at (|2.6|) . 

We use a standard fact: if / = {gi, . . . , g^) c C[xi, . . . , xa/] is a Z-graded ideal that is a 
complete intersection, then its K-polynomial equals 



N 



k{C[xi,...,XM]/I;x) = Yl^ 



X 



This is an easy consequence of, e.g., IIMilStu04[ Exercise 8.12]. 

By Theorem II. 6[ we can apply the above fact to the generators {gej}- It remains to 
determine the degree of the generator gij for 1 < j < n — 2 and £ 7^ wp{t) for 1 < t < j + 1. 
Since g^j is homogeneous with respect to the grading (|6.2[) , we need only compute the 
degree of any term of g^j and show it is equal to i + 1 — wp{j). 

Since ggj is a generator, the definitions imply the summand ajj+iZij-^-i appears. If 
Wp ( j + 1 ) < n then the desired degree is easily established since the unspecialized variable 
Zwp(j+i)+i,j appears in a^j+i by (|1.8|) . Only slightly harder is the case wp{j + 1) = n where 
this variable does not exist. Here, by (|1.8)) , a^j+i contains the summand aj^iZn,!- However 
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= Zwp{i)+ij- Therefore we conclude ajj^izej^i contains the term 2;w,p(i)+ij-2n,i-2^,j+i 
which has degree (tfp(l) + 1 — wp{j)) + {wp{n) —wp{l)) + {£ — wp{j + 1)) = i+1 —wp{j). 
The second equality of (|6.1[) is thus deduced. □ 

6.2. The (projectivized) tangent cone. Theorem 11.41 asserts that for Pet„, the property of 
being singular is constant on each J'wp,Petr,- Lemma IZ2l II) and Lemma l4!2l fV) combined 
imply Hilbert-Samuel multiplicity is maximized on J'wp,Pctn at wpB. 

Question 6.1. Is multg,Pct„, or /ig,Pet„(^?), constant on Jwp,PetJ 

Let us restrict attention to the /i-polynomials /i^p,pet„(^)- These are tabulated for n = A 
in Table [T] below, along with the i^"-polynomials (which were independently computed 
using SAGE, and agree with Theorem [LS]). We state the following easy facts: 

Lemma 6.2. (I) There is a local isomorphism between any two points of the orbit {U' x S) ■ gB. 
(II) {id)B e {U' X S) ■ WpB. 

(Ill) If f : Pet„ — )■ R is any U' xi S-invariant, upper-semicontinuous function on Pet„, then it 
is maximized at {id)B. 

Proof. (I) is Lemma |4!2] parts (I) and (II) combined with Lemma IZ2l I). In general, if gB E 
BwB/B and gB ^ wB, then limt^o s{t) ■ gB = uB with u < w. (II) just applies this. Finally, 
(III) holds by part (II), together with the hypotheses on /. □ 

Example 6.3. In general, the f/' xi S action is not transitive on jT^p, Pct„- Consider the 4- 
dimensional J^p^Pete where P = S^x S^. One checks the 3-dimensional subgroup U" C U', 
obtained by setting gi = g2 = in the U' of Example 14. 11 fixes any gB in Ju!p,Pete- Thus, any 
U' yi S orbit through wpB has dimension at most 3 and hence cannot cover J'wp,Pete- D 

Lemma [6^ 111) says that {id)B is the "most singular" on Pet^. This, and the connection 
of A/id,pet„ to QH*{GLn/B) (see Section 3) motivates this case of Problem II. 2[ 

Problem 6.4. Find a combinatorial formula for either multjrf(Pet„) and/or hid,pet„{j])- 
The sequence of multiplicities at this point begins: 

mult 123.5 (Pets) =2, multi234.B(Pet4) =4, multi2345.B(Pet5) = 12, multi23456.B(Pet6) = 38, ... 

In addition, the sequence of /i-polynomials begins: 

^123.B,Pct3 (^) = 1 + ^, ^1234.B,Pet4 (??) = 1 + 2?] + //^ /il2345.B,Pet5 (??) = 1 + 3// + Arf + 2lf + T]^ , 

hu3A56.B,PetM = I + At] + 8r]^ + IOt]^ + St]^ + Arf + 2rf + , . . . . 
Question 6.5. Are the coefficients of /i3,pet„ (^) unimodal, or more strongly, log-concave? 

While unimodality might be true of /^-polynomials of Schubert varieties, log-concavity 
is known not to be true I LiYonlObi Example 2.2]. These conjectures are not known to 
follow for any obvious reasons, even if we knew gi^^^Ogp^pet^ to be Cohen-Macaulay. 

The following example contrasts with Conjecture 17.41 concerning Richardson varieties: 

Example 6.6. Spec(grn,^^(9c,B Pct„) need not be reduced. This occurs for 2134 ■ B G Pet4 
where the ideal defining the tangent cone is /2134 b Pct4 = (^32 ~ -241; -^42, -^li)- 
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Wp 


kwp, Pct„{x) 




USA 


(l-X^)^(l-X^) 


l + 2r] + r]'^ 


2134 


(i-x^)(i-x^)(i-x^) 


i + v 


1324 


(i-xT(i-x^) 


i + v 


1243 


(i-x^)(i-x^^)(i-x^) 


i + v 


2143 


(i-xT(i-x^) 


1 + V 


3214 




1 


1432 


(1 - x-'){i - x'){i - x') 


1 


4321 




1 



Table 1. /T-polynomials and /i-polynomials at wpB G Pet4 



Conjecture 6.7. grmgs^gB,Pct„ is Cohen-Macaulay and thus /ig,pct„(^) G N[ri]. The function 
f : Pet„ — )■ M defined by gB ^"coefficient ofrj'^ in hg^Pct„{ri)", is upper-semicontinuous on Pet„. 

M. Kummini pointed out that the asymmetry of the coefficients of /ii23456.B,Pct6 iv) com- 
puted above implies that gr^^^^^^^ g C'i23456.B,Pet6 is not Gorenstetn. 

For a point p e X, the Cohen-Macaulayness of the local ring Op^x is necessary but 
not sufficient for gr^ C'p.Pet^ to be Cohen-Macaulay That Cohen-Macaulayness implies 



the positivity of the /i-polynomial is |BruHer93[ Corollary 4.1.10]. While Hilbert-Samuel 



multiplicity is upper-semicontinuous, the coefficients of the /i-polynomial need not be. 

Using (P.V) we verified the Cohen-Macaulayness claim of Conjecture l6.7| for n < A and 
all but two cases of n < 5, as well as in many other instances. Table [1] is also consistent 
with the upper-semicontinuity claim. 

7. Analysis of additional torus invariant varieties 

Conjecture 16. 71 is an analogue of a conjecture stated for Schubert varieties in ULiYonlObi 
Section 1.2]. In regards to the second meta-question of Section 1.1, we briefly explore the 
prevalence of the properties of Conjecture 16.71 by examining some other X C GLn/ B. 

7.1. Hessenberg varieties and Springer fibers. Fix H E Mnxn arid () : N — )^ N. Define 
B.ess{H, f}) = {F, e GLJB : H ■ Fj C These were studied by IIDeMProSha92l . The 



definition we use is stated in | Tym06[ . Two families of Hessenberg varieties arise from 



the cases that H is regular semisimple (eigenvalues of H are distinct and nonzero), and 
that H is regular nilpotent (this includes Pet„). In the former case, Hess(if, ()) is smooth. 
However, Hess (if, P)) = unless [)(i) > i and P)(i + 1) > P)(i). When f) satisfies these 
conditions, f) is called a Hessenberg function. Hess(/i, [)) is a Hessenberg variety if f) is a 
Hessenberg function. 

Generators for Ig,Rcss{H,t}) (up to radical) can be obtained by a modification of the con- 
struction of the generators for /g,pct„ described in Section 1.2 and Example 12. 3[ (Small 
examples exist where these "obvious" generators do not define a radical ideal.) The proof 
of Theorem 1 1 . 6 1 likely generalizes to show that if H is regular nilpotent, and f) is a Hessen- 
berg function, each patch ideal of Hess (if, f)) is a local complete intersection. 

We checked that the Cohen-Macaulay claim of Conjecture l6.7| holds for all regular nilpo- 
tent Hessenberg varieties for n < A, most cases of n < 5 and a few cases of n < 6. Also, 
we made some checks of the upper-semicontinuity claim for n < A. 
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Another example of Hessenberg varieties is the Springer fiber associated to a parti- 
tion A of n. Define Springer;^ = {F, E GLn/B : H ■ Fi C Fi for all 1 < i < n}, where H is 
nilpotent matrix of Jordan type A. A key fact is that the irreducible components Springer 
of Springer;^ are indexed by standard Young tableaux T of shape A. See, e.g., liFreMellOl 
IPerSmilOll and the references for results on singularities of these components. 

We do not know if Conjecture l6.7| holds for Springer-^'s. It is false for Springer;^ in gen- 
eral. For Springer;^, we checked the Cohen-Macaulay claim of Conjecture 16.71 for n < h, 
and certain "larger" cases such as A = (3, 2, 1) and A = (2, 2, 1, 1) (the latter case was the 
first known to have singular irreducible components IIVar79l ). 

Example 7.1. The aformentioned singular component of Springer(2^2,i,i) found by IIVar79l 
is the unique singular one in that Springer fiber [FrelOJ. It has eight singular points from 

Springer(2^2,i,i) 

n {GLq/BY, corresponding to the permutations: 135624, 135642, 136524, 
136542, 3l'5'6'24, 315642, 316524, 316542. On this component, these all have Hilbert-Samuel 
multiplicity 6, the same /i-polynomial 1 + Arj + rf, and Gorenstein tangent cones. □ 



7.2. Richardson varieties. The Richardson variety is defined by = BuB / BnB_vB / B. 
This is empty unless v < u and is of dimension i'(n) — i(v) otherwise, where i{u) is the 
Coxeter length of u. It is the Schubert variety X^ = BuB/B when v = id and the oppo- 
site Schubert variety X"" = B^vB/B when u = wq. Richardson varieties are of impor- 
tance in cormection to Schubert calculus since [X^] = [Xu] U [X^j^^^y] = XlxeSn ^u,wov[^x] ^ 
H* {GLn/B; Z), where C^ ^^g^, is a generalized Littlewood-Richardson coefficient. 

From the definitions, wB E X^ if and only iiv < w < u {in Bruhat order). In this case, 
it is known X^ is reduced, irreducible and Cohen-Macaulay; see, e.g., IBr iOSl . 

The decomposition (P.III) is, in this setting: 

X^ = Y[{BwB/B r]X^) = Y[ BwB/B n {BuB / B n B_vB/B) 

w w 

= Y[{BwB/B n BuB/B) n = ]J {BwB/B) n X\ 

w w<u 

EachjT'^ xj; = {BwB /B)nX^ is a Kazhdan-Lusztig variety. This variety is isomorphic, up 
to crossing by an affine space, to the patch of the opposite Schubert variety X^ [|KazLus79[ 
Lemma A.4]. It is singular in general. The maximal torus T in _B n i?_ acts on each Jw,xi, 
contracting each point towards wB. Hence wB is the most singular point on that strata, 
in the sense of Lemma IZ2l fID. 

We want generators for lw,xi- Let „ be the ideal in C[Z*^^)] generated by all size 1 + r^" 
minors of the southwest (n — i + 1) x j submatrix of Z'^'^^ . Here r]^ is the rank matrix that 
counts the number of I's southwest of matrix coordinate (z, j) in the permutation matrix 
for u. Let J'"''" be defined by 1 + minors of the northwest z x j submatrix where r\j is 
the number of I's northwest of matrix coordinate (z, j) in the permutation matrix for v. 

The following is probably folklore, and is implicit in ||KazLus79l Lemma A.4]: 
Proposition 7.2. lw,xi = Jw,u + J^'^- 



Proof. Fulton ||Ful91| showed that if vr : GL„ — )■ GLn/B is the natural map, then the 
ideal defining ti~^{Xu) is scheme-theoretically generated by the size 1 + r]^ minors of the 
southwest {n — i + 1) x j submatrix. Thus it follows from (|2.2[) that Iw,Xu = Jw,u- Similarly, 
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Iw,x^ = J"^'""- Since Iw,Xu scheme-theoretically cuts out an open neighbourhood of wB in 
Xu and Iw,x^ does the same inside , then Iw,Xu + Iw,x^ does it for wB G X„ fi X"" . Now 
Iw,Xu + Iw,x^ is radical since X„ fi is reduced. The result then follows. □ 

Problem 7.3. Find an explicit Grobner basis for Iw,xi- 

Computation suggests that there is a Grobner basis with a squarefree monomial ideal. 
Conjecture 7.4. The tangent cones ofX^ are reduced. 

Using Proposition 17.21 and (PV), we verified Conjecture 17.41 and positivity of the h- 
polynomial exhaustively at T-fixed points, for n < 5, and for many random singular 
cases for 6 < n < 9. We also checked the tangent cones at T-fixed points are Cohen- 
Macaulay, for n < 4. For Grassmannian Richardson varieties, these claims follow from 
fKreLak04, Remark 7.6.6]. These facts, combined with the results /checks made for the 
Schubert case ULiYonlObl , leave us reasonably convinced. However, we have not made 
substantive checks of upper-semicontinuity of the coefficients of /ic,,x^ iv) ^ this setting. 

7.3. Peterson-Schubert varieties. Let i?^ = Pet„ fi X^. This scheme (it is reducible in 
general) is S'-invariant since S acts on both Pet„ and X^. 

Lemma 7.5. R^p is irreducible and of dimension n ~ k, where k is the number of blocks of wp 
(i.e. the k of Equation (1.1)). 

Proof. By Lemma |42t VI) , the permutation matrix of has block matrix form 

(7.1) Wp = 

^(1) ^ ^(2) ... C^k) 

where C^^^ is an ij x ij block matrix that is the "reverse identity matrix" of that size. We 
claim (and this is a well-known fact) that 

(7.2) GL.JB,, X GL.JB,, x ■ ■ ■ x GL.JB,^ = X^^ = P/B, 

where ii + . . .+ik = n,ct and Bi. is the Borel subgroup of upper triangular matrices 

inside GL(ij). To see this, let Fi*"* G GLijB, 1 < t < k and consider the map : 

GLijBi^ X GLijBi^ X ■ ■ ■ X GLijBi^ X^p defined by 

: (FW)ti ^ © Fi^), ei © © Fi^), . . . , © © ■ • • © e^-^ © g gljb, 

where V ® F, := V ® Fi c V ® F2 C We also made the natural identification of 
Fj^^ C with a subspace of C" ^ 0^^^^ C*^ etc. 

Clearly, the image of is X^^ and that is an isomorphism. Thus (|7.2|) holds. 

The map restricts to : Petj^ x ■ ■ ■ x Petj^. — )■ GLn/B. The image sits inside X^^ since 
that is true of 0. For each t we have X ■ (C*i © C^^ © ■ ■ ■ © C*') C © C^^ © ■ ■ ■ © C*' 
(where C*^ © C*^ © ■ • ■ © C*' is interpreted as a subspace of C" in the manner indicated 
above). Let X'^-'^ be the standard regular nilpotent matrix for GL(ij). Then by assumption, 
jVO) . fJ-'^ C F^^Jp Although of course the block matrix X(^) © X^^) © ■ ■ ■ © X(^) is not equal 
to X, it is easy to see from the definitions that the image of is inside Pet„. Hence, 

(7.3) tpiPeti, X Peti, x ■ ■ ■ x Pet, J C R^^ 

(as sets). It remains to demonstrate the reverse containment. Now, 

R^p=X^pnPetn= ]]_ iBwB/B)nPetn= (BwqB / B)nPetn = UqWqB/B, 

w<wp wqKvjp wq'^^p 
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where we have used Lemma 142] (VI) and (IV). We have also used the fact that wqB g R^p 
if and only if wq < wp. In this case, the permutation matrix for wq takes the form 

(7.4) WQ = C^^^ © ■ ■ ■ © C7(^) 

where C^^^ occupies the same position as the block C^^\ Thus, the desired containment 
holds if we can show UqWqB C ^(Petj^ x Petj2 x ■ ■ ■ x Petj^^) for each wq < wp. However, 
this is clear from (|7.4|) and the definition of ip. 

Hence R^p is irreducible, as each factor on the lefthand side of (|7.3|) is irreducible (and 
we are working over C). The dimension claim for R^p holds since dim(Petj) = i — 1. □ 

In view of Lemma 1731 and Theorem |7.6r i) below, we call R^p a Peterson-Schubert va- 
riety; cf. [Har Tymlip . We have made checks of the Cohen-Macaulayness property of 
Conjecture I6.7| f or the varieties R^p when n < 5. 

Referring to (|7.4|) , let w'q denote the permutation in Si^ that corresponds to the matrix 
C^^\ The following extends Theorem II. 41 and Corollary 11.81 

Theorem 7.6. (I) R^p is a reduced, local complete intersection (and hence Cohen-Macaulay 
and Gorenstein). 

(II) Rwp is singular if and only ifwp contains the pattern 321. 

(III) The singular locus of R^p is given by Sing{R^p) = JwQ,Ru,pf where wq < wp and 
at least one of the Wq^ contains either of the patterns 123 or 2143. 

Proof (I): We want to show that the neighbourhood of gB e R^p given by J^g^x^p ^■f^g,Pet^ 
is reduced and a complete intersection. Since gB E Pet„, then gB = hwqB for some 
h G Uq, by Lemma l42l IV). By the discussion of Section 2, we have that J^g,pctn = MoQ,Pet„ 
and similarly ^fg,x^p = U^Q,x^p- Therefore, Ug^x^^ n A/;,Pet„ and U^Q,x^p n ACc3,Pet„ are 
equal. So, it suffices to assume g = wq. 

By the definition of R^p = X^p fl Pet„ we have Iy,Q,R^p = IwQ,x^p + ^«,Q,Pct„- Referring 
to (|7.4|) , we have the finer block decomposition 

(7.5) C7(^') = © ■ ■ ■ © D^-''-^) 

where each D^'^ is a reverse identity matrix. That is, C^^^ = C^^^ if and only if / = 1. 
Claim 7.7. The following equality of ideals holds 

k 

(7-6) ^WQ,X^p + IwQ,Pet„ = IwQ,X^p + ^ -^t„g),Pet, ' 

where I o) „ zs the patch ideal for Wq^ G Petj^, and where we have embedded the ring C[Z''^'^^ 
into C[Z^p] using the variables of Z^^^^ in the region occupied by C'^^^ in the obvious manner. 

Proof. Recall that by Proposition 17.21 the generators of IwQ,x^p consist of all variables in 
the region below the blocks C^^\ Next, consider any generator gk'ji of IwQ,Pet„ as described 
by (|1.9|) . Suppose j' is one of the columns a, a + 1, . . . , 6 occupied by C'^^\ Note that by 
the construction of gk'j', row k' cannot be strictly above the topmost row occupied by C'^^^ 
(since there is a 1 to the left of column j' and in row k'). There are two cases: 
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Case 1: j' < b — 2: (i) First suppose row k' is strictly south of the bottom row occupied by 

C^^\ Then sirice f <b~ 2, we see gk'j' = af^iZk'A H h aj'j>+iZk'j'+i - z^'+ij' G IwQ,x^p 

since z^i^i, . . . , z^iji^i, z^i^iji G IwQ^Xu,p- 

(ii) If row k' is one of the rows occupied by C^^\ then each variable of Z^'^^\ in that 
row and in columns 1, 2, . . . , a — 1, is in Iwq,x^ ■ Therefore, one can decompose g^'j' = 

9k',j' + 9k',j' where g^^j, G IwQ,x^p and ■, is one of the generators (HU) of I^u) ■ 
Conversely, every generator of gives rise to a generator of IwQ,Pet„ in this manner. 

Case 2: j' = b — 1 or j' = b: By the construction of gk',j', we see that row k' must be strictly 
south of the rows occupied by C'^^\ Then gk'j' G J^^^x^p/ just as in Case l(i). 

The equality (|7.6|) then follows from these considerations. □ 

Xwp is smooth and hence a local complete intersection. By Corollary 11.81 each Petj^ is a 
complete intersection. Since Claim [ZZl expresses IwQ,x^p + -^«)Q,Pet„ as a sum of ideals on 
disjoint variable sets, each ideal being a radical, complete intersection, (I) holds. 

(II) : First suppose that wp contains the pattern 321. Hence, one of the factors Petj^ in 

X^p n Petn ^ Peti, X Peti2 x ■ ■ ■ x Peti, 

is isomorphic to the singular Pet^ for some m > 3. Conversely, suppose that R^p is 
singular. Therefore one of the factors Petj^ is singular (since a product of smooth varieties 
is smooth). Since Pet2 is smooth, we deduce that > 3. Hence wp contains 321. 

(III) : The discussion of (I), and specifically (|7.6)) , imply 

where g = bwq for b e Uq = B^^^ © 5^2) © • ■ ■ © B^^^ where each B^^^ G Uqu) and Q(^) is 
the parabolic subgroup of GLi. corresponding to Wq\ Writing 6 = 6i © 62 © ■ • ■ © ^fe where 
bj G B'^^\ in the above isomorphism we set g^^^ = bj ■ Wq\ Now Mg^p^ is smooth if and 
only if each N'gU)^Pcti smooth. Then the claim follows from Theorem |l. 41 □ 



Acknowledgements 

We thank Li Li for questions that motivated us to initiate this project, as well as for other 
highly useful remarks. We are grateful to Allen Knutson and Alexander Woo for in depth 
discussion /comments on a draft. We thank Anders Buch, Jim Carrell, Elizabeth Csima, 
Alex Fink, William Haboush, Megumi Harada, June Huh, Mannoj Kummini, Kostanze 
Rietsch, Hal Schenck, Alexandra Seceleanu and Julianna Tymoczko for very helpful com- 
ments and discussions. We also thank the anonymous referees for detailed comments to 
an earlier version, including simplifications /corrections to Section 7.3. This work was 
partially completed during two workshops at the American Institute of Mathematics, the 
first on "Localization techniques in equivariant cohomology" in March 2010 and the sec- 
ond on "Real algebraic systems" in October 2010. We made use of SAGE, Singular and 
Macaulay 2 in our computations. EI was partially supported by NSF VIGRE grant DMS- 
0602242. AY was partially supported by NSF grant DMS-0901331. 



21 



References 



[Bia73] A. Bialynicki-Birula, Some theorems on actions of algebraic groups, Ann. of Math. 98 (1973), 

no. 2, 480 - 497. 

[BilCoslO] S. Billey and I. Coskiin, Singularities of generalized Richardson varieties, preprint. 
arXiv:1008.2785. 

[BilLakOO] S. Billey and V. Lakshmibai, Singular loci of Schubert varieties, Progr. Math. 182. Birkhuser, 

Boston, MA, 2000. 

[Bri05] M. Brion, Lectures on the geometry of flag varieties. Topics in cohomological studies of alge- 

braic varieties, 33-85, Trends Math. Birkhauser, Basel, 2005. 

[BriKum05] M. Brion and S. Kumar, Frobenius splitting methods in geometry and representation theory, 231 
Birkhauser, Boston 2005. 

[BruHer93] W. Bruns and J. Herzog, Cohen-Macaulay rings, Cambridge Studies in Advanced Mathe- 
matics, 39. Cambridge University Press, Cambridge, 1993. 

[CarKut03] J. Carrell and J. Kuttler, Smooth points of T -stable varieties in G/B and the Peterson map. 
Invent. Math. 151 (2003), no. 2, 353-379. 

[ChrGin97] N. Chriss and V. Ginzburg, Representation theory and complex geometry, Birkhauser, Boston, 
MA, 1997. 

[Cio99] I. Ciocan-Fontanine, On quantum cohomology rings of partial flag varieties, Duke Math. J. 

98 (1999), no. 3, 485-523. 

[DeMProSha92] F. De Mari, C. Procesi, M. Shayman, Hessenberg varieties. Trans. Amer. Math. Soc. 332 (1992) 
529-534. 

[Eis95] D. Eisenbud, Commutative algebra with a view toward algebraic geometry, Springer- Verlag, 

New York, 1995. 

[FinSpelO] A. Fink and D. Speyer, K -classes ofmatroids and equivariant localization, 23rd International 
Conference on Formal Power Series and Algebraic Combinatorics (FPSAC 2011), 339350, 
Discrete Math. Theor. Comput. Sci. Proc, AO, Assoc. Discrete Math. Theor. Comput. Sci., 
Nancy, 2011. 

[FomGelPos97] S. Fomin, S. Gelfand and A. Postnikov, Quantum Schubert polynomials, J. Amer. Math. Soc. 
10 (1997), 565-596. 

[FrelO] L. Fresse, Singular components of Springer fibers in the two-column case. Ann. Inst. Fourier 

(Grenoble) 59 (2009), no. 6, 2429-2444. 
[FreMellO] L. Fresse and A. Melnikov, On the singularity of the irreducible components of a Springer fiber 

in sin, Selecta Math. (N.S.) 16 (2010), no. 3, 393-418. 
[Ful91] W. Fulton, Flags, Schubert polynomials, degeneracy loci and determinantal formulas, 

Duke Math. J. 65 (1991), no. 3, 381-420. 
[GorKotMac98] M. Goresky, R. Kottwitz and R. MacPherson, Equivariant cohomology, Koszul duality, and the 

localization theorem. Invent. Math. 131 (1998), 25-83. 
[HarTymll] M. Harada and J. Tymoczko, A positive Monk formula in the -equivariant cohomology of type 

A Peterson varieties, Proc. Lond. Math. Soc. (3) 103 (2011), no. 1, 40-72. 
[Hum64] J. Humphreys, Linear Algebraic Groups, Grad. Texts in Math. 21, Springer- Verlag, New 

York, 1964. 

[KazLus79] D. Kazhdan, G. Lusztig, Representations ofCoxeter groups and Hecke algebras. Invent. Math. 
53 (1979) 165-184. 

[Knu08] A. Knutson, Schubert patches degenerate to subword complexes. Transform. Groups 13 (2008), 

no. 3-4, 715 - 726. 

[Knu09] A. Knutson, Frobenius splitting and degeneration, especially of Schubert varieties, preprint. 

arXiv:0911.4941 

[KnuLamSpelO] A. Knutson, T. Lam and D. Speyer, Projections of Richardson Varieties, preprint. 
arXiv:0903.3694 

[KnuMil05] A. Knutson and E. Miller, Grobner geometry of Schubert polynomials, Ann. of Math. (2) 

161 (2005), no. 3, 1245-1318. 
[KnuRos99] A. Knutson and I. Rosu, Appendix to Equivariant K-theory and Equivariant Cohomology, 

Math. Z. 243 (1999), no. 3, 423^48. 



22 



[Kos96] B. Kostant, Flag manifold quantum cohomology, the Toda lattice, and the representation with 

highest weight, Selecta Math. (N.S.), 2 (1996), no. 1, 43-91. 
[KreLak04] V. Kreiman and V. Lakshmibai, Multiplicities at Singular Points of Schubert Varieties in the 

Grassmannian, Algebra, arithmetic and geometry with applications (West Lafayette, IN, 

2000), 553 -563, Springer, Berlin, 2004. 
[KreRobOS] M. Kreuzer and L. Robbiano, Computational commutative algebra. 2, Springer- Verlag, Berlin, 

2005. 

[LakLitMag98] V. Lakshmibai, R Littelmann and P. Magyar, Standard monomial theory and applications, in 
Representation Theories and Algebraic Geometry, A. Broer (ed.), Kluwer Academic Pub- 
lishers, Boston, 1998. 

[LiYonlOa] L. Li and A. Yong, Some degenerations of Kazhdan-Lusztig ideals and multiplicities of Schubert 
varieties. Adv. Math. 229 (2012), 633-667. 

[LiYonlOb] L. Li and A. Yong, Drift configurations and Kazhdan-Lusztig polynomials. Algebra and Num- 
ber Theory J. 5 (2011), no. 5, 595-626. 

[MilStu04] E. Miller and B. Sturmfels, Combinatorial commutative algebra. Graduate Texts in Mathemat- 
ics Vol. 227, Springer- Verlag, New York 2004. 

[PerSmilO] N. Perrin, E. Smirnov, Springer fiber components in the two columns case for types A and D are 
normal, arXiv:0907.0607. 

[Pet97] D. Peterson, Quantum cohomology ofG/P, Lecture Course, M. 1. T., Spring Term 1997. 

[RieOl] K. Rietsch, Quantum cohomology rings of Grassmannians and total positivity, Duke Math. J. 

110 (2001), no. 3, 523-553. 

[Rie03] K. Rietsch, Totally positive Toeplitz matrices and quantum cohomology of partial flag varieties, J. 

Amer. Math. Soc, 16 (2003), no. 2, 363-392 (electronic). 
[SomTym06] E. Sommers and J. Tymoczko. Exponents for B-stable ideals. Trans. Amer. Math. Soc, 

358 (2006), no. 8, 3493-3509 (electronic). 
[Snill] M. Snider, Ph.D thesis, Cornell University, 2011. 

[Tym06] J. Tymoczko, Linear conditions imposed on flag varieties, Amer. J. Math., 128 (2006), no. 6, 

1587-1604. 

[Tym07] J. Tymoczko, Paving Hessenberg varieties by affines, Selecta Math. (N.S.) 13 (2007), no. 2, 

353-367. 

[Var79] J.A. Vargas, Fixed points under the action ofunipotent elements ofSL^ in the flag variety, Bol. 

Soc. Mat. Mexicana 24 (1979), 1-14. 
[WooYonOS] A. Woo and A. Yong, Governing singularities of Schubert varieties, J. Algebra 320 (2008), 

no. 2, 495-520. 

[WooYon09] A. Woo and A. Yong, A Grobner basis for Kazhdan-Lusztig ideals, Amer. J. Math. 134 (2012), 
no. 4, 1089-1137. 



Department of Chemistry and Mathematics, Florida Gulf Coast University, Fort Myers, 
FL 33965-6565 

E-mail address: einskoOf gcu . edu 

Dept. of Mathematics, University of Illinois at Urbana-Champaign, Urbana, IL 61801 
E-mail address: ayongOmath . uiuc . edu 



23 



